Abstract. We shall prove a new generalization of Vosper critical pair theorem to finite Abelian groups. We next apply this new tool to the theory of (k, l)-free sets in finite Abelian groups. In particular, in most cases, we describe the structure of maximal (k, l)-free sets and determine the maximal cardinality of such a set. This result allows us for instance to give precisions on an old result of Yap: we are able to describe completely the maximal sum-free sets with cardinality at least one third of that of the ambient group.
Introduction
Two centuries ago, Cauchy proved the first result of what is called set addition theory [4] . We refer the reader to one of the accounts [18, 19] for the usual definitions and notations in this context. Translated into modern language, Cauchy's result reads as follows: let A and B be two non-empty subsets of Z/pZ (p prime) then |A + B| ≥ min(p, |A| + |B| − 1). groups), maximal sets only means sets with maximal cardinality. During the seventies, sum-free sets with maximal cardinality in general finite Abelian groups have been widely studied (see for example the general account [28, Chapter 2] ), motivated by the following conjecture essentially due to Yap.
Conjecture B. Let G be a finite Abelian group, then
This conjecture is tantamount to saying that, given an arbitrary Abelian group G, the value λ 2,1 (G) is attained for an arithmetic progression of H-cosets, where H is a subgroup of G such that the quotient group G/H is cyclic (see Lemma 5.2 below).
Conjecture B could be proved in any case except that of groups, whose cardinality is equal to a product of primes congruent to 1 modulo 3. In particular, the following result was obtained, not only but essentially, by Diananda and Yap. We recall that the exponent of a group G is the smallest integer n, denoted by exp G, such that nx = 0 for all x in G (in additive notation).
Theorem C [7, 29, 30, 31, 32, 33, 34, 35] . Let G be any finite Abelian group. There are three possible cases:
(i) if |G| has at least one prime factor congruent to 2 modulo 3 then
where q is the smallest prime factor of |G| congruent to 2 modulo 3, (ii) if |G| has no prime factor congruent to 2 modulo 3 but 3 divides |G| then
(iii) otherwise (that is, if any prime factor of |G| is congruent to 1 modulo 3), denoting by m the exponent of G,
In the last case, Conjecture B is tantamount to saying that the lower bound is in fact an equality. This has been established in some special cases only (see [22, 35] ).
Concerning the structural characterization of sum-free sets attaining the maximal cardinality λ 2,1 (G), it is known in case (i) and (ii) of Theorem A but not in case (iii). These results were obtained in Yap's papers and also in [22, 24, 25] . We shall not enunciate these results here. The reader is referred to Theorems 7.8 and 7.9 in [28, Part 3] where these results are precisely stated. The question of (k, l)-free sets (k = l) in general finite Abelian groups has been less studied. Only the case of (k, l)-free subsets of Z/pZ (p prime) is answered. In that case, both the value [2] of λ k,l (Z/pZ) and the structure [21] of the (k, l)-free subsets of Z/pZ with that cardinality are known.
Theorem D [2, 21] . Let p be an odd prime and let k, l be positive integers not congruent modulo p and which satisfy max(k, l) ≥ 3. Then
and any (k, l)-free set with this maximal cardinality in Z/pZ is an arithmetic progression.
The traditional approach in the study of sum-free sets in groups is via the use of Kneser's [16] , Vosper's [26, 27] and Kemperman's [15] theorems. Theorem B deals with any k and l but it requires additional specific properties of Z/pZ (the Cauchy-Davenport, Vosper and Hamidoune-Rødseth [14] theorems are used).
Main results
In this paper, we will first obtain yet another generalization of Vosper's theorem which is valid in any finite Abelian group (Theorem 2.1, proved in Section 3) and which is easy to apply.
To formulate our addition theorem, we need some notations. Let G be an arbitrary Abelian group and H a subgroup of G. We denote by ψ G,G/H the canonical homomorphism from G onto G/H. If A is any subset of G, it will be convenient to denote by A/H the subset ψ G,G/H (A) of G/H. In reference to Vosper's result, we say that a subset A ⊂ G is a Vosper subset of G if for any X ⊂ G, with |X | ≥ 2,
Let us finally recall that an arithmetic progression P in G is a set such that there are two elements a and d in G and a non-negative integer s with
Here is our generalization of Vosper's theorem. To deduce Vosper's theorem from this result is left to the reader as an exercise. After having proved Theorem 2.1 in Section 3, we will apply it to (k, l)-free sets. We suspect that this result could be useful in several other contexts. For example, in [13] , we obtain another application of this result to inverse additive number theory.
Our study of (k, l)-free sets will generalize all the results known in the case of sum-free sets. In the very case of sum-free sets, our approach leads to some improvement on the known results and give precisions on Yap's results.
In Section 4, using Theorem 2.1, we will first derive a structural result on "large" maximal (k, l)-free sets. To state this result, we let for any given finite set X , 
• A/H is an arithmetic progression, and,
In Section 5, we investigate the value of λ k,l (G). We first derive a general result. As it will turn out from our approach, the natural parameter to be introduced is
the maximal cardinality of a (k, l)-free arithmetic progression in a cyclic group of order d (or, equivalently, in Z/dZ). In particular, any (k, l)-free arithmetic progression in Z/dZ with cardinality α k,l (d) is a maximal (k, l)-free arithmetic progression. With this notation, the main result of Section 5 is the following theorem. 
This theorem can be completely elucidated in the case where gcd(k−l, |G|) = 1, an hypothesis which is automatically satisfied in the case of sum-free sets since k − l = 1. In the absence of this assumption, degenerate behaviors may appear: 
This corollary generalizes Theorem C. On the more, it follows from our study a more general understanding of the very nature of the obstruction in determining λ 2,1 (G) in case (iii) of Theorem C. Generally speaking, we are unable to compute λ k,l (G) in the case where any factor of the exponent of the group is congruent to 1 modulo k + l.
Nevertheless, Theorem 2.4 is a strong indication that the following Conjecture 2.5 (which generalizes Yap's Conjecture B in a reasonable way) could be true. 
Actually, we can prove this conjecture in the case of cyclic groups.
Theorem 2.6. Let k and l be two different positive integers, n be any positive integer such that gcd(n, k − l) = 1. Then
For n a prime, this result reduces to the evaluation of
Finally, in Section 6, we apply the structural result derived in Section 4 (Theorem 2.2) to the case of sum-free sets. In Proposition 6.1, we will characterize completely, and for any finite Abelian group G, all the maximal sum-free sets in G with cardinality at least one third of that of G. This allows us not only to recover but also to extend the results quoted in the Introduction (both Theorem C and the structural characterization of sum-free sets with maximal cardinality (Theorems 7.8 and 7.9 in [28])).
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A new addition theorem generalizing Vosper's
The most basic additive result in finite groups is the simple following lemma [18, Theorem 1.1]. It is an easy consequence of the pigeon-hole principle and sometimes referred to as the Prehistorical lemma.
Lemma 3.1 (Prehistorical lemma). Let H be a finite subgroup of an arbitrary Abelian group G, A, B be subsets of G, each being included in some
The following result slightly generalizes Theorem A and can be proved in a very similar way.
Lemma 3.2. Let A be a generating subset of a finite Abelian group G such that 0 ∈ A and |A| ≤ (|G| + 1)/2, then one of the following conditions holds:
Before proceeding with the proof and for the sake of clarity, it will be useful and efficient to introduce the needed vocabulary from the isoperimetric method (the reader interested in a general introduction to this subject is referred to [8, 9] ). Doing so should make easier the forthcoming references to results from the isoperimetric method in the literature.
In order to save space, here is only what is needed to understand the following proof. Let G be an arbitrary finite Abelian group. In the context of the isoperimetric method, a subset A of G such that there exists a set X 0 ⊂ G with |X 0 | ≥ 2 and |A + X 0 | ≤ |G| − 2 is said to be 2-separable. In that case, the following minimum is well defined
and known as the second isoperimetric number. Therefore, A is not a Vosper set if and only if it is 2-separable and verifies κ 2 
2-critical (for A). A 2-critical set with minimal cardinality is called a 2-atom (for A).
Notice that the translate of a 2-atom (and more generally of a 2-critical set) is still a 2-atom (resp. a 2-critical set), so that we may always consider a 2-atom containing 0. The following result gives a structural characterization of the 2-atoms when the second isoperimetric number is "small". 
Now, we consider K, a 2-atom containing 0. If κ 2 (A) ≤ |A| − 2 or |K| ≥ 3, then we can apply Lemma 3.3 which implies that K is a subgroup of G. Since K is a 2-atom, it contains at least two elements, so K = {0}. Thus we get (ii) with H = K.
From now on, we may therefore assume that κ 2 (A) = |A| − 1 and |K| = 2. Thus, we are in a position to apply Lemma 3.4 from which it turns out that there are only three possible cases (the first case in the conclusion of Lemma 3.4 cannot happen).
In the first case (A is an arithmetic progression), we get directly (i). In the second case (A is almost periodic), keeping the notation J for the subgroup introduced in Lemma 3.4, we obtain |A + J| = |A| + |J| − 1. Therefore A + J = G, otherwise since |A| = (|G| + 1)/2 we obtain |J| = (|G| + 1)/2, which is not possible. So,
We are therefore in case (ii) with H = J and the result follows. The final case is the one where there is a proper subgroup L of G such that
Since |L| ≤ |G|/3 (G has an odd cardinality), we come to the contradiction
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This achieves the proof.
In order to prove Theorem 2.1, we will need yet another lemma.
Lemma 3.5. Let G be any finite Abelian group and H be a subgroup of G. Let us put
Proof. Let us set
Since |K + ψ(A)| < |G/H|, K + ψ(A) = G/H and thus K + A = G. The conclusion follows.
We are now ready to prove our generalization of Vosper's theorem.
Proof of Theorem 2.1. Take H a maximal subgroup of G such that |A + H| < min(|G|, |H| + |A|).
Since {0} satisfies this inequality, such a subgroup does exist.
Let us prove that
where ψ denotes once again ψ G,G/H . Indeed, 
We shall also need the following two lemmas (we have included a short proof of Lemma 4.2 in [12] ). Proof. We assume the existence of a maximal (k, l)-free set with one element, say {α}. It is well known that any finite Abelian group is isomorphic to some [23] ). So, we may assume that G is of this form. Suppose that s ≥ 2 and write
Since the set {α} is a maximal (k, l)-free set, we have 0 ∈ k{α, β} − l{α, β} for any β ∈ G, different from α. Apply this for instance to β = (α 1 , α 2 + 1, α 3 , . . . , α s ).
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Since any element of k{α, β} − l{α, β} has (k − l)α 1 as its first coordinate we deduce that (k − l)α 1 = 0.
Clearly, there was nothing specific with the first coordinate in this reasoning so that we infer more generally that (k − l)α i = 0 for any i (1 ≤ i ≤ s). This shows that kα = lα, or, in other words that {α} is not (k, l)-free. This is a contradiction; thus s = 1 and G is cyclic.
We are now ready to prove our main result of this section, namely Theorem 2.2.
Proof of Theorem 2.2. In this proof we assume without loss of generality that k > l.
In the first part of the proof, we consider only the case where there is an a ∈ A such that A − a generates G. Let us fix such an element a and write B = A − a.
By Theorem 2.1 (0 belongs to B and |B| = |A| ≤ |G|/2 by (1)), there exists a subgroup H of G with
and such that B/H is either an arithmetic progression or a Vosper subset in G/H. We now define a partition of B = B 1 ∪ · · · ∪ B u , with |B 1 | ≤ · · · ≤ |B u | such that any B i is the intersection of B with an H-coset. Note that u ≥ 2 follows from the fact that B generates G.
By (3), we get
Since each B i has cardinality at most |H|, it follows that for any (i, j) = (1, 1),
By Lemma 3.1, we get
and also, for any r, t ≥ 1,
Now, we claim that B/H is an arithmetic progression in G/H. Indeed, let us assume the contrary. In particular, we have
u = |B/H| ≥ 3 and B/H has to be a Vosper subset of G/H.
Let us prove that the following inequality holds:
Since it is clearly valid when k − l = 1, we may assume that k − l ≥ 2. The (5) and (4), we obtain
Therefore |(k − l)(B + H)| which is a multiple of |H| verifies

|(k − l)(B + H)| ≤ |G| − 2|H| or equivalently (notice that for any subset C of G, we have (C + H)/H = C/H)
Thus, by a repeated application of the Vosper subset property, we obtain that
We thus deduce (by (5) and this)
and (7) is proved.
In the same way, we also have (by (6) and the Vosper subset property for B+H) that
Now, lB − lB is symmetric around zero by which we mean that if x belongs to it then so does −x. Therefore, if G has an odd cardinality and since B contains 0, the cardinality of lB − lB must be odd. We thus have
By using (7) and (8), we finally obtain
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in contradiction with the hypothesis on |B| = |A|. Thus B/H is an arithmetic progression. So does A/H, which is one of its translates. We immediately note that G/H is cyclic. Indeed, B/H is at the same time a generating subset and an arithmetic progression containing 0.
We now claim that A/H itself is (k, l)-free. Indeed, assume the contrary and define
Then, by a translation of (6) (with r = k, t = l),
Since A 1 is contained in exactly one H-coset, we deduce that
Thus, lA 2 and (k − l)A 1 + lA 2 are contained in the same H-coset. In fact, the latter set is a whole H-coset (by (4) and Lemma 3.1). Therefore
On the other hand, lA 2 ⊂ lA. Thus kA ∩ lA ⊃ lA 2 = ∅, which contradicts the assumption kA ∩ lA = ∅. We have therefore proved that A/H is a (k, l)-free set. Now, by Lemma 4.1, We now come to the second possible case, namely the case where there is no element a ∈ A such that B = A − a generates G. We select an arbitrary element a ∈ A. The set B = A − a generates a proper subgroup, say K, of G. We have A ⊂ a + K and B ⊂ K.
Assume that (k − l)a belongs to K. So, kA and lA are two disjoint (by (k, l)-freeness) subsets of the same K-coset. We thus get
Since B generates K and contains 0, we are in a position to apply Lemma 4.2 (notice that |kB|, |lB| < |K|) which gives
This and (9) give Since ka and la do not fall in the same K-coset, the set a+K itself is (k, l)-free. Therefore, the maximality of A implies that A = a + K.
Finally, the cyclicity of G/K follows from Lemma 4.3 and the second possible case is now completed.
Large (k, l)-free sets
Proof of Theorem 2.3
Let us first recall the following lemma which is an easy exercise. 
We go on with another lemma. 
Let us now come to the upper bound. Consider A a (k, l)-free subset of G with maximal cardinality (and consequently maximal itself), and assume
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We can apply Theorem 2.2 by which we know that there is a subgroup H of G such that A + H = A, A/H is both a maximal (k, l)-free set in G/H and an arithmetic progression and, finally, G/H is cyclic. We shall write m = |G/H|. By Lemma 5.1, the cyclicity of G/H implies m| exp(G).
Since |A| has maximal cardinality and A = A + H, it follows from Lemma 4.1 that |A/H| = |A|/|H| is the maximal possible cardinality of a (k, l)-free arithmetic progression in the cyclic group of order |G/H|, that is exactly α k,l (m). Thus
This achieves the proof of Theorem 2.3.
Preparatory lemmas
In this section, we study the function α k,l (n) defined as the maximal cardinality of a (k, l)-free arithmetic progression in Z/nZ. Clearly α k,l (1) = 0 so that we shall assume n ≥ 2. Our goal is the proof of the following lemma.
Lemma 5.3. Let n ≥ 2, k and l be three positive integers subject to k = l and
Then α k,l (n) is given by the formula
where p denotes the smallest prime dividing n.
It turns out that the proof of Lemma 5.3 must be divided according to whether or not the arithmetic progression considered is contained in a coset of a proper subgroup (in short, we shall call such a coset, a proper coset). That is why we define two new quantities. For n ≥ 2, we let
denote the maximal cardinality of a (k, l)-free arithmetic progression in Z/nZ contained in some proper coset and let
denote the maximal cardinality of (k, l)-free arithmetic progression in Z/nZ not contained in any proper coset (if there is no such (k, l)-free arithmetic progression in Z/nZ, then we put γ k,l (n) = 0).
Clearly α k,l (n) = max(β k,l (n), γ k,l (n)). Thus, Lemma 5.3 is an easy consequence of the two following lemmas (Lemmas 5.4 and 5.5). Proof. Let P be a (k, l)-free arithmetic progression, contained in some proper coset in Z/nZ, with the maximal possible cardinality for the sets with these properties. By definition, P is included in a certain coset of the form a + H for some proper subgroup H of G. Therefore, the size of P is less than or equal to the maximal size of any proper subgroup of Z/nZ, that is |P | ≤ n/p. Therefore β k,l (n) ≤ n/p. Conversely, given any subgroup H of Z/nZ, if we choose a in Z/nZ such that (k − l)a ∈ H (which is always possible by the coprimality condition), the H-coset a + H is an arithmetic progression (since H is cyclic) which is (k, l)-free, contained in a proper coset and has cardinality |H|. Taking for H the subgroup of multiples of p gives β k,l (n) ≥ n/p.
Having in mind the forthcoming Lemma 5.7, we underline the fact that there are (k, l)-free arithmetic progressions contained in some proper coset with cardinality β k,l (n) in Z/nZ which are not maximal (k, l)-free sets. For instance, we may consider the set {2, 7, 12, 17, 22} ⊂ Z/25Z which is not a maximal sum-free set since it is a subset of {2, 3, 7, 12, 17, 22} (which is still sum-free). We shall see that the situation is completely different for (k, l)-free arithmetic progressions not contained in a proper coset with maximal cardinality γ k,l (n), that we start to study in the next lemma.
Lemma 5.5. Let n ≥ 2, k and l be three positive integers subject to k = l and
Proof. We first show that, in Z/nZ, the cardinality of any (k, l)-free arithmetic progression not contained in any proper coset is upper bounded by
To prove it, just consider any arithmetic progression P , not contained in a proper coset. The set P is of the form P = {x + jd, j = 0, 1, . . . , j 0 } with d a non-zero element of Z/nZ and j 0 some non-negative integer. By hypothesis, d generates Z/nZ (P −x is contained in the subgroup generated by d). Since P is an arithmetic progression, kP − lP is also an arithmetic progression. It has
Vol. 79 (2004) A new critical pair theorem applied to sum-free sets 199
elements. Indeed, kP − lP = {(k − l)x + jd, j = −lj 0 , . . . , kj 0 } and, by definition of (k, l)-freeness, 0 is not in kP − lP , therefore no element of Z/nZ appears twice in the list (k − l)x + jd, (j = −lj 0 , . . . , kj 0 ) : would it be so, d being a generating element, jd would describe a complete set of residues modulo n and 0 would belong to kP − lP . This proves formula (13) . Using again the (k, l)-freeness yields
which gives the upper bound (12) for |P |.
If n ≤ k + l + 1, the upper bound (12) gives γ k,l (n) ≤ 1. But since any set with one element is included in a proper coset, we conclude that there is no (k, l)-free arithmetic progression not contained in a proper coset in Z/nZ and that γ k,l (n) = 0.
Suppose now n ≥ k+l+2. In order to prove that γ k,l (n) = [(n − 2)/(k + l)]+1, we just need to construct a (k, l)-free arithmetic progression in Z/nZ, not contained in any proper coset, with that number of elements. Let us perform the Euclidean division n − 2 = (k + l)q + r, 0 ≤ r ≤ k + l − 1 and notice that q ≥ 1. Let us consider the arithmetic progression P = {x, x + 1, . . . , x + q} with x the solution of (k − l)x ≡ 1 + lq (mod n) which is possible by the coprimality condition. Clearly P , which contains q + 1 ≥ 2 consecutive elements cannot be included in a proper coset. Now,
Notice that, with this proof, it is easily seen what exactly the sets attaining the bound γ k,l (n) are. For a set A ⊂ G and j a positive integer, we shall denote by j.A the j-fold multiple set j.A = {ja where a ∈ A}. Lemma 5.6. Let n, k and l be three positive integers subject to n ≥ k + l + 2 and k = l and gcd(n, k − l) = 1.
The (k, l)-free arithmetic progressions, not contained in any proper coset, with cardinality γ k,l (n) in Z/nZ are exactly the sets
where d, x ∈ Z/nZ, with d invertible and
For given n, k and l satisfying the assumptions of the lemma, the set of arithmetic progressions listed in Lemma 5.6 (which is never empty) will be denoted by GP k,l (Z/nZ). By isomorphism, we can extend this notation to any cyclic group. So, for any cyclic group G such that gcd(|G|, k − l) = 1 and |G| ≥ k + l + 2, we denote by GP k,l (G) the set of (k, l)-free arithmetic progressions, not contained in any proper coset, with cardinality γ k,l (|G|). This notation will be useful to describe the large maximal sum-free sets (this will be done in Section 6). The elements of these sets (or equivalently the elements of GP k,l (Z/nZ)) have an interesting property for our purpose which contrasts with the situation described after Lemma 5.4: they are not only maximal (k, l)-free arithmetic progressions but also maximal (k, l)-free sets.
Lemma 5.7. Let n, k and l be three positive integers subject to n ≥ k + l + 2 and gcd(n, k − l) = 1.
Any element of GP k,l (Z/nZ) is a maximal (k, l)-free set.
Proof. We begin with a remark. If C is a non-empty subset of Z/nZ, we denote by µ C the smallest integer m such that C can be written as a union of m arithmetic progressions with difference 1. We clearly have, for any non-empty C ⊂ Z/nZ, |C + {0, 1}| ≥ min(|C| + µ C , n) ≥ min(|C| + 1, n).
If R is an arithmetic progression with difference 1 (and |R| ≥ 2), it is a translate of (|R| − 1){0, 1} which gives, using iteratively (14) , |C + R| = |C + (|R| − 1){0, 1}| ≥ min(|C| + |R| − 1, n).
If C is not an arithmetic progression with difference 1 and is non-empty, we have µ C ≥ 2 and (15) can be improved in |C + R| ≥ min(|C| + |R|, n).
This follows, by (15) and (14), in view of |C + R| = |C + {0, 1} + (|R| − 2){0, 1}| ≥ min(|C + {0, 1}| + |R| − 2, n) ≥ min(|C| + µ C + |R| − 2, n). Now, take any arithmetic progression P in GP k,l (Z/nZ). Without loss of generality, we may assume that its difference is 1. Let Q be a subset of Z/nZ, containing P , such that |Q| = |P | + 1. We assume that it is a (k, l)-free set. By definition of P ∈ GP k,l (Z/nZ), Q cannot be an arithmetic progression. So we have µ Q ≥ 2.
We now prove by induction that for any j subsets Q 1 , . . . , Q j of Z/nZ all equal to either Q or −Q, we have
For j = 1, |Q 1 | = |P | + 1 and the formula holds. Let now j be a positive integer and assume that (17) holds for j. Without loss of generality, we may assume
Since this lemma gives a complete description of "large" maximal sum-free sets, it could reveal useful for the problem of counting the number of sum-free sets in finite Abelian groups [1, 17] .
